Curie- Weiss model of the quantum measurement process 
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A hamiltonian model is solved, which satisfies all requirements for a realistic ideal quantum 
measurement. The system S is a spin-i, whose ^-component is measured through coupling with an 
apparatus A — M + B, consisting of a magnet M formed by a set of A'^ S> 1 spins with quartic infinite- 
range Ising interactions, and a phonon bath B at temperature T. Initially A is in a metastable 
paramagnetic phase. The process involves several time-scales. Without being much affected, A 
first acts on S, whose state collapses in a very brief time. The mechanism differs from the usual 
decoherence. Soon after its irreversibility is achieved. Finally the field induced by S on M, which 
may take two opposite values with probabilities given by Bern's rule, drives A into its up or down 
ferromagnetic phase. The overall final state involves the expected correlations between the result 
registered in M and the state of S. The measurement is thus accounted for by standard quantum 
statistical mechanics and its specific features arise from the macroscopic size of the apparatus. 
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The quantum measurement problem has given rise to 
an immense literature 0|, but it is still an object of de- 
bate. Insight can be gained by studying exactly solvable 
dynamical models ||^. The one we consider hereafter is 
intended to be as realistic as possible. 

We first have to face the irreducibly probabilistic 
nature of quantum mechanics, arising from the non- 
commutation of observables. Within the statistical inter- 
pretation, see e.g. Q , a wave-function can provide us with 
nothing more than the probabilities for the values of any 
physical quantity. We adhere to the so-called bayesian 
view on probabilities they are not inherent to a sin- 
gle object but refer to a population to which it belongs 
(in reality or in thought); they are mathematical tools 
for deducing sensible predictions from given prior knowl- 
edge. Thus, what is called a quantum "state", whether 
pure or mixed, gathers our information on the consid- 
ered system: it does not characterize this system by it- 
self, but its statistical ensemble. Accordingly, the consis- 
tency of quantum mechanics requires a measurement to 
be analyzed as a statistical process involving many simi- 
lar experiments with all possible outcomes. This process 
couples a system (S) to an apparatus (A), creating cor- 
relations between the initial state (in the above sense) 
of S and the final value Ai of a pointer variable A of A. 
One infers thereby information about S as regards the 
occurrence of the corresponding eigenvalue Si of one of 
its observables s. This knowledge has statistical nature 
because quantum theory cannot inform us fully about a 
single object, even if it is "completely" prepared in a pure 
state. 

Quantum statistical mechanics is also unavoidable for 
other reasons. On the one hand, the apparatus should be 
macroscopic so as to ensure registration of the outcomes 
Ai. The recorded results may later on be read by an ob- 
server whom we thus can leave aside. The required large 



size of A forbids us to assign a pure state to it since it 
cannot be completely prepared at the microscopic level. 
Rather, as always in statistical problems, we must assign 
to it a density matrix. On the other hand, a quantum 
measurement is an irreversible process. Statistical me- 
chanics is necessary to explain this specific type of irre- 
versibility, as any other one, by relying on microscopic 
hamiltonian dynamics. 

Even if the coupling of S and A is weak, the pertur- 
bation it induces on S cannot in general be neglected 
in a quantum measurement. We will consider a so-called 
ideal measurement, which perturbs S as little as possible, 
keeping unchanged the statistics of all observables which 
commute with s. The final density matrix of S, r(t{), 
is then obtained from r(0) by cancelling the off-diagonal 
blocks associated with different eigenvalues Si and Sj of 
s. We denote the remaining diagonal blocks as r,;. 

To represent a measurement, a process should have 
several specific features *) The apparatus A is 

macroscopic and at the initial time t — in a metastable 
state TZ{Q), independent of the arbitrary state r(0) of the 
system S. The full density operator has the form 



X>(0) = r(0) 7^(O). 



(1) 



ii) Triggered by its coupling with S, A may reach at the 
end of the process one among several possible states TZi, 
which are a priori equally probable so as to avoid any 
bias, iii) Each state TZi is stable so as to register infor- 
mation robustly and permanently. The pointer variable 
A has in the state TZi negligible fiuctuations around Ai 
so as to ensure precise and clear distinction between the 
possible outcomes, iv) The observable s of S does not 
change much during the process, and thus nearly com- 
mutes with the Hamiltonian. v) An ideal measurement 
involves a collapse, which changes r(0) into the sum of its 
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diagonal blocks corresponding to each Si. vi) The den- 
sity operator at the end of the process involves a special 
type of classical correlations between S and A, namely, 

2?(0) H^2?(tf) = ^r, (g)7^, EE X -^(g)7^,. (2) 

tr T-i 

Together with Hi and with probabilistic interpretation of 
a quantum state, Eq. (H) means that the pointer variable 
may take any of the values Ai corresponding to Si with 
the probabilities pi — tr (Bern's law) , and that if we 
select Ai, the subsequent statistics of S is described by 
the density operator ri/tvri (von Neumann's reduction). 

Most of these features have been emphasized in the 
past, and the models already worked out exhibit some 
among them [^||J|,^,^. In the present model all the 
above requirements will be fulfilled. In order to satisfy 
conditions ii and Hi we take for A a macroscopic system 
displaying a phase transition with broken symmetry so as 
to eliminate any bias; A is an order parameter with small 
fluctuations. Moreover, A involves a large number of de- 
grees of freedom which ensure an irreversible relaxation 
towards one of the equilibrium states TZi. 

The model. Our system S is a spin-i, the observable 
to be measured is its third Pauli matrix with eigen- 
values Si equal to ±1. Our apparatus A = M -I- B sim- 
ulates a magnetic dot: M consists of ^ 1 spins with 
Pauli operators (xi"^ (a = x, y, z) coupled to the phonon 
bath B. The order parameter A is the magnetization 
in the z-direction rh — ^^z^^ ■ The Hamiltonian 

H = Ha+Hsa governing the measurement process reads: 

Ha = Hm + Hmb + Hb, Hqa = -gNmsz, (3) 

1 ^ 
HM = — JNm'', Hmb^V^T. E -^a'^^i"^- 

^ n— 1 a—x.y,z 

It commutes with in agreement with [Q, ensuring the 
condition iv above. The interaction H^a is a spin-spin 
coupling with strength g > 0. The Hamiltonian Hm, 
of the Curie- Weiss-type, couples all spins symmetrically. 
For q — 2 one has an Ising model, while g = 4 or 6 de- 
scribes so-called super-exchange interactions as realized 
for metamagnets. We take q = 4. The bath B describes 
a set of Debye phonons at equilibrium in the thermody- 
namic limit. The dimensionless constant 7 characterizes 
the strength of their coupling to the spins of M. It should 
be weak to trace out B and to ensure an exact Boltzmann- 
Gibbs distribution of M at equilibrium. The properties 
of the bath operators Ba will be specified later. 

Mean-field approximation for the apparatus. The long- 
range character of Hm ensures that its equilibrium be- 
havior is exactly described in the large-A^ limit by the 
mean-field approximation. However, the correlations be- 
tween S and A induced by -ffsA are essential for our pur- 
poses. Their very existence prevents us from applying 



the standard mean-field method. A way out of this is 
to separate the state V of the total system S -I- M -I- B 
into several sectors, and use a different time-dependent 
mean- field in each of them. In the eigenbasis of Sz for S, 
\i) = It) or IJ,) for eigenvalues Si = ±1, V has the ele- 
ments Vij = (z|I?|j). The von Neumann equation reads 
for each of the operators T>ij in the M -I- B space 

i?i^I?y = ~gN{s,'mD,j ~ SjVijih) + [//a, Aj]- (4) 

The mean-field approach is implemented for each Vij . In 
Ha we replace by mjj + 4m^^(fh — rriij), where the 
c-number my is determined selfconsistently. To do this 

we note that (unlike and I?xx) ^Ti ^^"^ -^iT = ^jj, 
are neither positive nor hermitian. Taking 

tr m II?,,,- 1 ,„ , r~ ~r , , 

for any pair ij, one can show that this approximation 
becomes exact for large N, as in the static case. 

Properties of the bath. The interaction between the 
bath B and the magnet M is treated within the cu- 
mulant weak-coupling approach, see e.g. j^. The ini- 
tial state of B is gibbsian at temperature T — 1/(3, 
-Rb(O) = exp(— /3i?B)/^B, and is not correlated with the 
density operator D(0) = r(0) (g i?M(0) of S + M. The 
Hamiltonian Hb is such that the free correlation func- 
tions of the bath variables are stationary, identical and 
independent for different components a and different sites 
n, 

iMRB{0)B^:'\t)B^^\s)]^5a,b5n,mK{t-s). (6) 

In agreement with the initial equilibrium of B , we assume 
a quasi-ohmic spectrum 

/OO 1 -1 
-^e'"*w(coth-/3?iw- l)e-l^l/r, (7) 
-OO IStt 2 

with F the Debye frequency cut-off, where KT exceeds all 
other energy scales: T, J and g. The correlation time of 
B, of order Ti/T, is much smaller than the characteristic 
times of A variables, which for long times ensures relax- 
ation of A towards the Gibbs distribution. Besides the 
weak-coupling limit 7 <C 1, this requires not too low a 
temperature (T ^ 7J). 

Bloch equations. As indicated above, in the large N 
limit each block of V, and hence of 13 = tre T), is of the 
time-dependent mean-field type: 

A,W-r,,-(0)xpg)(t)®...®pW(t). (8) 

Each pIJ-* lives in the 2x2 Hilbert space of the n'th 
spin of M, and reads in the polarization representation: 
pif = lJ2a=Q.x,v,zCa,ij^i''\ where the a^"^ are 2 x 2 
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identity matrices and where Ca. y ~ tr(Ti"''p|j-' is inde- 
pendent of n. 

As the couphng is weak, we can eUminate the bath 
from (^), even for times shorter than the memory-time 
of K{t); Eq. (||) yields Cx,ij = Cy,ij = at all t and 

. 2ig ■ 2ig[l + 7^{t)] 

Co,n = X ^■"''^^ " h ~ ^ ' 

(9) 

where for t < 1/r, A equals ^r'^t/2T: and 77 = 7r^i2/27r. 
They go in the markovian limit t ^ h/T to A(oo) = 
jg/{2hta.nhf3g) and 77(00) = 0. 

For Co, II and for the magnetization = Cz.tt/Co.tt 
we shall need below the only markovian equation: 



Co, 



TT 



0, m| 



7/11 



(1 



tanh phi 



(10) 



where hi{t) ^ g + Jm^{t) is the effective field in the con- 
sidered sector. The sign of g is changed for the || sector. 

Initial conditions. Before the measurement, M is pre- 
pared in a paramagnetic state Rm{0) = '^^^Yln^Q"'\ 
leading to the initial density matrix of A — M -I- B: 
7^(0) = Rm{0) «) i?B(0). The measurement will be 
unbiased, since the order parameter vanishes initially, 
mij(O) = 0. According to Eqs. (||, ||) we have Co, !j (0) — 
1) Ca,ii(0) = 0. The paramagnetic state is metastable for 
temperatures below 0.36 J and this is the regime where A 
can act as a measuring apparatus. Its decay-time is then 
exponentially large in N, thus basically infinite. How- 
ever, a change in the macroscopic state of the A can be 
induced by its coupling with S, provided g is sufficiently 
large so as to suppress the barrier leading to the lowest 
ferromagnetic state. 

Collapse. We first consider the evolution of the off- 
diagonal elements r-^, given by (^ as 

rnit) = trM,B2?nW = truDnit) = rniO) (^^^ ^{t). (11) 

Obtained by solving (^) with its initial conditions 
by the exact WKB-method, Co,Ti(^) the form 

exp[-x(i)] cos 6l(t), where 9{t) = 2a J^^* ds exp 2[x(s) - 
du A(u)]. For t < l/F, x ^^^d 9 behave as 



2Trh^ ' 



2gt^ 

h 



(12) 



(The markovian regime t ^ fi/T, x = A(oo)iis irrelevant 
here when N is very large.) The amplitude of Co.Ti de- 
creases as an exponential, quartic in t for small times and 
linear for long times. Since Cz.ti is imaginary, I?||I?|j^ is 
proportional to the unit matrix, so that mt 1 vanishes. 



We thus find for r^^^t) = r||(0)e-^x(*)[cos6'(0]^ a se- 
quence of narrow gaussian peaks, arising from the nearly 
periodic cosine factor and located around the times at 
which O/tt is an integer. At the very beginning of 



the measurement, (|12|) show that the off-diagonal ele- 
ments r'\i{t) = 7'||(i) of the marginal density matrix of 
S rapidly fall down. For a large apparatus such that 
N 3> jihr/g)"^, this decrease is dominated by that of 
[cos{2gt / h)]^ = exp[— (t/Tcoiiapso)^] rather than that of 
exp[— A^x]- The collapse time 



'^collaps 



(13) 



thus characterizes the disappearance of the components 
D^i and D|| for S-l-M. This time is much shorter than 
all other characteristic times of the process. Its coeffi- 
cient h/g differs from the one h/T that enters standard 
decoherence times. 

The subsequent spikes, the first of which occurs at 
t ~ TTh/{2g), are suppressed by the factor exp[— A^x(^)] 
which arises due to the interaction with the bath, a de- 
cay amplified by the large value of N. Due to (|l^) this 
means that after a decoherence time 



2tt 



1/4 



h 



1/2 



(14) 



all the peaks are washed out, and r^^ and remain 
zero after their initial gaussian collapse, while r^-f and 
r^i are kept unchanged since Sz is conserved. The col- 
lapse proper thus results only from the interaction -ffsA 
of S with the large number of spins, as shown by (p^). 
The irreversible loss of information about the off-diagonal 
elements takes place at a characteristic time Tdocoh, after 
the collapse. Provided N ^ {hT/gY it is faster than 
1/r, the attempt time of the bath, and well before the 
recurrence of the first peak, since we assumed already 
that hV ^ g. This irreversibility is essential although 
hidden, since r-\i has not yet revived when it takes place. 

In fact, not only the initial collapse, but even the sup- 
pression of possible revivals, do not require M to in- 
teract with a bath. A realistic interaction i?sA would 
involve a small dispersion 8g around the average value 
{g) of the coupling between Sz and the various spins 
o'i"'' of A. For independent disorder a cumulant expan- 
sion now brings 9 = {g)2t/h - {dg^)c{2t/hf /3\ + ■■■ 
and X = {5g^)c{2t/hY/2 - {5g^)ci2t/hY /A\ + ■■■. The 
damping factor exp[— iVx(t)] then suppresses the recur- 
rent peaks provided N ^ {gY / {5g'^)c. The large size of 
the apparatus thus suffices to make the initial collapse 
permanent. The irreversibility of the collapse is here as 
a collective effect due to the large value of TV and not to 
the environment. These two mechanisms for suppression 
of the X, y components of the spin S are reminiscent of 
the spin-lattice and spin-spin relaxation mechanisms in 
NMR, respectively. 

Registration. Let us now consider the evolution of the 
diagonal elements Z3|| and D^. Since they are not af- 
fected by the initial process, their evolution is governed 
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by (^0|) in the markovian regime t ^ h/T. The registra- 
tion by the apparatus will therefore look like a relaxation 
towards equilibrium in statistical mechanics. The Curie- 
Weiss equation, rrii ~ tanh[/3/ii] with hi = zLg + Jm^ 
for each sector i — ^ oi I, gives the extrema of the free 
energy per site Fi{m) — ^^gm — ^Jrn^ — TS{m), where 
S{m) = In - J-^ In is entropy in the 

mean- field approximation. The minima of Fi(rn) are at- 
tractors for the evolution (p^). Since to^ begins to in- 
crease as jgt/h, it relaxes to the smallest positive value 
of m where F]'(m) is minimal. If the temperature is not 
sufficiently low, or if g is too small, this is the param- 
agnetic state, m-f — > tanh Pg and — > — tanh Pg. The 
result of the measurement cannot then be registrated ro- 
bustly, since, after the coupling with S is removed, M 
returns to TO| = = 0. However, for sufficiently large 
g {g > 0.08 J for T — 0.34 J), the paramagnetic state is 
totally lost and the relaxation of M leads to a ferromag- 
netic state with magnetization nearly equal to 1 for m-f , 
to -1 for mi (±0.996 for T = 0.34 J, g = 0.09 J). When 
the coupling is switched off after relaxation, M remains 
in the vicinity of that state: the system A=M-|-B is non- 
ergodic and the memory of its triggering by S is kept 
forever. The duration of the measurement, namely 

h 

^mcas — ■ V j 

19 

is governed by the establishment of strong correlations 
of M and S, which takes place when the magnetization 
of M reaches significant values having the same sign as 
Sz- This stage of the process is the slowest of all. The 
dimensionless factor 1 expresses that relaxation occurs 
due to coupling with the bath B. The final stage, after 
m| has become sizeable, is a more rapid exponential re- 
laxation with characteristic time h/^J^ during which the 
coupling with S is ineffective, and which leads to robust 
registration in a ferromagnetic state. 

Altogether, the common final state of A and S after 
has the form (2) with probabilities p| = ''tt(0)i 
Pi = ni(0) for i = t or i; the states |T)(T| or |i>(i| of 
S are correlated with the ferromagnetic states of A, TZ^ 
or 7?.|, having positive or negative magnetization, respec- 
tively. 

Conclusion. In spite of the simplicity of the present 
model, its exact solution displays all the features, listed 
in the introduction, that a quantum measurement should 
satisfy. We relied on the statistical interpretation of 
quantum mechanics, which naturally leads to describe 
an ensemble of measurements on an ensemble of systems 
and which should yield all possible outcomes with Born 
probabilities. The process follows an elaborate scenario 
involving several time-scales. At the very beginning, over 
the very short time (p^), the state of S collapses, while A 
is affected only microscopically. This collapse is governed 
by the large value of N and should be contrasted with the 
standard decoherence processes ||l|,pi- Somewhat later, it 



is made irreversible, either by means of the interaction 
with the thermal bath (at the decoherence time (p^), or 
under the effect of a small randomness in the coupling 
of S with M. This stage is invisible, since it corresponds 
only to a disappearance of complicated many-spin corre- 
lations within M; its duration is longer than Tcoiiapsc but 
shorter than the recurrence time TT?i/{2g) which would 
exist without any dissipation. Thereafter the statistics 
of S becomes classical for the two values = ±1 and 
remains unchanged in time. The system S, although mi- 
croscopic, is seen by M as an external magnetic field ±g 
which is sufficient to trigger the subsequent evolution of 
M from its initial metastable state towards either one of 
its ferromagnetic states. Because M is macroscopic, this 
evolution is slow; its time-scale Tmeas is governed by the 
bath B (the parameters of which satisfy TiT T 7 J 
and TiT J > g). Finally, the registration becomes 
permanent owing to the irreversible relaxation of M into 
stable equilibrium. This takes place over a time of order 
fi/{'yJ) shorter than the time fi/{ig) required to leave 
the metastable state. We have focused on parameters for 
which the model simulates an ideal measurement, but 
the analysis may be extended to cover realistic imperfect 
measurements, for instance if N is not very large or if the 
observed quantity Sz is not conserved. 

An essential property allowing the process to be used as 
an ideal measurement is the macroscopic size of the appa- 
ratus. It is the large value of N and the quasi-continuity 
of the phonon spectrum which ensure the collapse, the 
breaking of invariance of M which generates its initial 
metastable state and its final two possible stable states, 
and the dynamics of A which leads to registration. The 
macroscopic nature of A thus conditions the form (^ of 
the outcoming state, with its correlations of classical na- 
ture between the sign of the magnetization of M and the 
final marginal state |T)(TI or of S, and with the 

occurrence of the Born probabilities or pi for each 
of these events. This statistical description of the final 
state expresses that each particular experiment yields a 
well-defined outcome for M, and that the selection of a 
given result for M can serve as a preparation of S imme- 
diately after the process in one of its pure states |t) or 
II). The emergence of classical probabilities from quan- 
tum mechanics is thus a macroscopic phenomenon, ex- 
plained by means of quantum statistical mechanics and 
occurring on definite time-scales. It is comparable with 
macroscopic irreversibility, which emerges from hamilto- 
nian dynamics for many degrees of freedom in the frame- 
work of statistical mechanics. Actually, here also, sev- 
eral mechanisms come into play, which explain the ir- 
reversibility of the measurement process; but moreover 
they transform the microscopic non-commutative proba- 
bilistic description of quantum mechanics into ordinary 
probabilities for the final state. 
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